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Abstract

The Gelfand—Mazur Theorem, a very basic theorem in the theory of Banach algebras states
that: (Real version) Every real normed division algebra is isomorphic to the algebra of all real
numbers R, the complex numbers C or the quaternions H; (Complex version) Every complex normed
division algebra is isometrically isomorphic to C. This theorem has undergone a large number of
generalizations. We present a survey of these generalizations and also discuss some closely related
unsettled issues.
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1. The Gelfand-Mazur theorem

An algebra A over a field F is a vector space over F which is also a ring such that
forall x,y € Aand forall A € F, A(xy) = x(Ay) = (Ax)y holds. We assume A to be
associative and not necessarily having identity element. We shall take F to be either the
real numbers R or the complex numbers C, and accordingly call A to be a real algebra
or a complex algebra. A divisionalgebra is an algebra with identity such that every non
zero element is invertible. A normed algebra (A, |.||) is an algebra A together with a
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norm ||.|| such that (A, ||.||) is a normed linear space and the norm is submultiplicative,
that is, ||xy|| < |lx|l|ly|l for all x,y in A. A Banach algebra is a normed algebra that
is a Banach space. Banach algebras exhibit a fruitful interplay between Algebra and
Analysis resulting into a rich theory of algebras in analysis [11,15,30,39,41]. The subject
has a rich collection of examples from Function Theory, Harmonic Analysis and Linear
Operator Theory in Banach and Hilbert Spaces. It has also provided a basic framework
for the development of C*-algebras and von Neumann algebras creating a foundation
for the development of noncommutative mathematics of analysis like Noncommutative
Probability and Noncommutative Geometry. The following fundamental theorem is a
corner stone of Banach Algebras; and it compares in simplicity and beauty with the
Liouville Theorem of Complex Analysis. We recall two popular versions of the theorem.

Theorem 1.1 (Real Version). Every real normed division algebra is isomorphic to the set
of all real numbers R, the complex numbers C or the quaternions H.

Theorem 1.2 (Complex Version). Every complex normed division algebra is isometrically
isomorphic to C.

The division algebra H of quaternions is the algebra consisting of elements of form
x = apl + a1i + azj + aszk subject to the multiplication ij = —ji = k, jk =
—kj =i, ki = —ik = j,i*> = j> = k» = —1, 1 being the multiplicative identity. The
theorem is a natural sequel to the classical Frobenius Theorem [17,20] that states that a
real finite dimensional division algebra is isomorphic to R, or C or H; and it illustrates
the power of methods of Analysis to study infinite dimensional algebras. This is also
illustrated by the fact that in a Banach algebra, if an element x is invertible, then all y
in an appropriate neighbourhood of x are also invertible. Immediately after the appearance
of first papers in Banach algebras [37,49,50], Mazur [36] announced the theorem without
proof. It is stated by some authors that Mazur’s original submission contained a proof.
But it was deleted from the final paper due to Editor’s insistence on shortening the proof.
A very elegant proof of the complex version, based on the Liouville Theorem for entire
functions was given by Gelfand in his famous paper [22]. Mazur’s original proof based
incidentally on Liouville Theorem for harmonic functions became available much later in
a book by Zelazko [53]. It can also be found in [34]. Thus chronologically the theorem
deserves to be called the Mazur—Gelfand Theorem; but the term Gelfand—Mazur Theorem
has become very popular and well established by now. Like some other fundamental
theorems, Gelfand—Mazur Theorem and its avatars have also inspired elementary proofs
thereof [14,21,29,33,40,41,45].

Let A be a complex normed algebra with identity 1. A proof due to Arens [2] of the
complex version uses the Liouville Theorem. A major step in this proof is to prove that
for x € A the resolvent function R,(A) :== (A1 —x)™', A € Cis analytic wherever it is
defined. A consequence of the theorem is the most fundamental result of Banach Algebras
that for each x € A, the spectrum sp(x) := {A € C : (A1 — x) is not invertible in A} is
non empty and compact. On the other hand, Gelfand’s proof as well as the elementary
proofs due to Kametani [31] and Rickart [40,41] establish first the non emptiness of
spectra from which the theorem follows easily. (The elementary proof due to Kametani
and Rickart is based on decomposing the polynomial x" — 1 in terms of linear factors
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over complex scalars. This has inspired Almira [1] to give a proof of the Fundamental
Theorem of Algebra using Gelfand—Mazur Theorem, though the proof uses the Frobenius
Theorem.) Thus the Gelfand—Mazur Theorem is synonymous with the non emptiness of
spectra. For commutative Banach algebras, the theorem paves the way for Gelfand Theory
resulting into a passage to Function Theory. Indeed the maximal ideals, whose abundance
in the semi simple case is ensured by Zorn’s Lemma, result into normed division algebras
by quotients; and then the Gelfand—Mazur Theorem produces scalar valued functions
(Gelfand transforms) on the space of maximal ideals. If A is a real normed algebra with
identity 1, then the above arguments need some modification. For x € A, the spectrum of x
is defined by sp(x) := {s +it € C: (s1 — x)? + 2 is not invertible in .A}. To show that this
set is non empty and compact, one needs to use the theory of harmonic functions in stead
of analytic functions. Also this set has an additional property, namely that it is symmetric
with respect to the real axis, that is, s + it € sp(x) if and only if s — it € sp(x).(See [34]
for details.)

This theorem has undergone a plethora of generalizations/extensions. The theorem has
triggered a line of investigation in normed algebras (and in more general topological and
other algebras) .A searching for conditions on A that imply that A is isomorphic to R or C
or H. We call such a theorem a Gelfand—Mazur Theorem. Inspired by the aesthetic beauty
of the theorem together with its fundamental role in Banach Algebras, we review such
theorems highlighting some related unsolved questions. We give some background for each
of these theorems, definitions required to understand the theorem, some comments about
significance of the theorem and references. Proofs are not given. The search for Gelfand—
Mazur Theorems in various classes of non-normed topological algebras is another related
line of inquiry. We shall not discuss this aspect except at a remark at the end. Though
every real number is a complex number with the result a complex Banach algebra is a
real Banach algebra, the theory of real Banach algebras involves certain intricacies of
conceptual nature and demand intrinsically real methods to work with. We refer to [34]
for real Banach algebras.

Since we do not assume .A to contain identity, we need to consider unitization .4, of A
or to consider quasi-multiplication in A. The algebra A, is A @& F with pointwise linear
operations and the multiplication (x, A)(y, u) = (xy + Ay + ux, Ai) so as to contain A as
an ideal of codimension 1 via the map x € A — (x,0) € A,. The quasi-multiplication in
Aisxoy = x +y —xy. An element x € A is quasi-regular having quasi-inverse x_; :=y
if xoy = yox = 0; and this happens if and only if (x, 1) is invertible in .4,. Then for
x € A, spa(x) = {r € C: —1"'x is not quasi regular} = spa,(x, 0). For details, we refer
to [11,35,41].

2. Spectral algebras

An idea that evolved over a time with contributions from Kaplansky, Michael, Yood
and Palmer, and very well exposed in Palmer [38,39] is that much of the success of
Banach algebra theory is a consequence of the fact that invertible elements (quasi-regular
elements, in case of absence of identity) form an open set. This is incorporated in spectral
algebra [38,39]. A spectral seminorm p on an algebra A is a submultiplicative seminorm
p on A such that the set of quasi-regular elements is open with respect to p. A semi
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spectral algebra (respectively a spectral algebra) is an algebra with a spectral seminorm
(respectively spectral norm). An elementary argument, due to Rickart as modified by
Palmer [39] shows that in an algebra .4 with a submultiplicative seminorm p, the spectrum
sp(x)isnonempty forallx € A, andr,(x) = lim, 0o p(x™)/" < sup{|A] : A € sp(x)} =:
r(x); and p is spectral iff the celebrated spectral radius formula r,(x) = r(x) hold for all
x[5,39]. This quickly leads to the following [39].

Theorem 2.1. Let A be a real division algebra on which a non trivial submultiplicative
seminorm is defined. Then A is isomorphic to R or C or H.

The complex case of Theorem 2.1 is discussed in Theorem 2.2.3 in [39]; and the real
case follows using Frobenius Theorem. A real division algebra A is R or C or H if A is a
homomorphic image of a normed algebra or if .4 admits a non trivial homomorphism into
a normed algebra. This also holds if Ax = x.A = A for all x. Notice that the existence of
a submultiplicative seminorm on an algebra 4 is a purely algebraic condition equivalent
to the existence of a convex balanced absorbing multiplicative subsemigroup S [11]; and
this is a non trivial matter. The Arens algebra L“[0, 1] := Ni<, o L”[0, 1] with pointwise
multiplication admits no non trivial submultiplicative seminorm, as it admits no nonzero
multiplicative linear functional [52]. Further A is semi spectral iff there exists S as above
contained in quasi-regular elements [39]. The fact that being a spectral algebra is equivalent
to the validity of the spectral radius formula is related with a question [15] whose answer
awaits a solution: Characterize an algebra that is a Banach algebra under some norm.
It would be worth while looking to spectral algebra analogues of other Gelfand—Mazur
Theorems discussed below.

3. Kaplansky’s theorem

The presence of a metric structure compatible with the algebraic structure on a normed
algebra helps topologizing algebraic concepts. This is best illustrated by the topological
divisors of zero (TDZ). Following Definition 2.12 in [11], given a normed algebra A, an
element x in A is a joint topological divisor of zero if there is a sequence {y,} in A such
that ||y,|| = 1 for each n and xy, — 0, y,x — 0. Kaplansky [31] has shown that in a
normed algebra, being a division algebra is equivalent to the algebra not admitting a non
zero TDZ. A simple proof has been given [14].

Theorem 3.1. Let A be a real normed algebra with no non zero joint TDZ. Then A is
isomorphic to R or C or H.

The conclusion holds if .4 has no non zero left (respectively right) TDZ. The paper [14]
also contains a non associative alternative algebra version.

4. Edwards theorem

The following result due to Edwards [18] gives a metric condition for Gelfand—Mazur
phenomenon.
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Theorem 4.1. Let A be a real unital Banach algebra such that | x| < ||lx||~" for all
invertible elements x in A. Then A is a division algebra and is isomorphic to R or C or H.

Thus a Banach algebra with identity which is also an absolute valued algebra (i.e. the
norm satisfies ||xy|| = ||x||||y|| for all x, y € A) is a division algebra. Now suppose A is a
spectral normed algebra. Then A is inverse closed in its Banach algebra completion A and
A=A "NAA simple argument with completion gives a spectral algebra version of
Edward’s Theorem; viz.; Let A be a real spectral algebra with identity such that for every
invertible x in A, ||x~!|| < |lx||~! holds. Then A is isomorphic to R or C or H. We do
not know a non unital version of Edwards Theorem. The following results (Corollary 3.2.2
and Corollary 3.2.3 in [3]) closely related with Edward’s Theorem are due to Aupetit.

Theorem 4.2. Let A be a real Banach algebra with identity. Let U be a non empty open
subset of A consisting of invertible elements.

(a) Suppose that for each x € U, r(x)r(x~1) < 1. Then A/rad A is isomorphic to R or
C or H or the algebra My(R) of 2 x 2 real matrices.

(b) Suppose that for each x € U, |x||lx~'|| < 1. Then A is isomorphic to R or C
or HL.

(¢c) Suppose A is a complex algebra. Then in each of above (a) and (b), A is isomorphic
to C.

S. Integral domains and Gelfand—Mazur phenomena

The Gelfand—Mazur—Kaplansky Theorem suggests: When is a Banach algebra that is
an integral domain a division algebra? Notice that the disc algebra A(D) consisting of
functions continuous on the closed unit disc D and holomorphic in its interior is a Banach
algebra with supnorm || f ||~ := sup{|f(z)| : z € D} and is an integral domain. The sup
norm is a uniform norm ||.|| in the sense that it satisfies || f2|| = || f||*> for all f € A(D).
In fact the disc algebra admits a continuum of (not necessarily complete) uniform norms
| fllroo = sup{|f(z)| : |z| < r}for 0 < r < 1. On the other hand, one says that a
Banach algebra A has Unique Uniform Norm Property (UUNP) if A admits exactly one
uniform norm (we emphasize, not necessarily complete). Notice that the presence of a
uniform norm on a complex Banach algebra ensures that the algebra is commutative. On a
commutative Banach algebra A, the spectral radius r(.) is a uniform seminorm, which is a
norm iff A is semi simple. The property UUNP turns out to be closely related with Silov
regularity [8]. The complex case of the following has been proved in [8]. The following
general case is due to Jarosz and Kulkarni [28].

Theorem 5.1. A real Banach algebra A with a unique uniform norm has no nonzero zero
divisors if and only if A is isomorphic to R, C or H.

An algebra A with identity 1 is locally finite if for each h € A, the smallest sub algebra
(not necessarily closed) containing 1 and 4 is finite dimensional. The following [9] has
been proved in the commutative complex case by Srinivasan [24,46].



S.J. Bhatt, S.H. Kulkarni / Expo. Math. 36 (2018) 166-177 171

Theorem 5.2. Let A be a real Banach algebra with identity. Suppose A has no nonzero
zero divisors. If A is locally finite, then A is isomorphic to R or C or H.

The proof in [9] is based on a real algebra analogue of a result of Srinivasan; viz.,if A is
a real Banach algebra that is an integral domain, then (a) for any non zero & € A, h is not
a TDZ iff the principal ideal (/) generated by £ is closed; and (b) if for all non zero i € A,
(h) is closed, then A is a division algebra. It follows that a finite dimensional Banach
algebra with identity having no non-zero zero divisors is a division algebra. In above
theorem, in case of algebra without identity, one can obviously modify local finiteness,
and ask whether an analogue of above theorem holds in this case.

A commutative ring is Noetherian if every properly ascending chain of ideals termi-
nates; equivalently, if every non empty set of ideals contain a maximal element. This
happens iff every ideal is finitely generated. Sinclair and Tullo [44] in the commutative
case and Aupetit [3] in the real case have shown that a real Noetherian Banach algebra is
finite dimensional. This led Srinivasan [46] to show that additionally if A is also an integral
domain, then A is isomorphic to C. The following [9] is at the desired level of generality.

Theorem 5.3. Let A be a real Banach algebra with identity. Let A be Noetherian. Then
A is finite dimensional. Further if A is also an integral domain, then A is R or C or H.

Thus a real Banach algebra with identity which is a principal ideal domain (PID) is
a division algebra. The polynomial algebra is a classic counterexample in the absence
of completeness. Presumably the above theorem also holds for a spectral algebra. What
happens in the case of unique factorization domain (UFD)? The following partial answer
is a real analogue of a result from [47].

Theorem 5.4. Let A be a real Banach algebra with identity. Let A be a UFD. If for each
prime element p, (p) is closed, then A is a division algebra.

A ring of valuation is a commutative ring with identity which is also an integral domain
in which the set of all principal ideals form a chain. The following is due to Esterle [19].
Its real analogue is awaited.

Theorem 5.5. Let A be a complex commutative Banach algebra which is a ring of
valuation. Then A isomorphic to C.

A *-algebra is an algebra with an involution * which is a conjugate linear anti

automorphism of period 2. A Banach *-algebra is a Banach algebra which is a *-algebra

such that ||x*|| = ||x]|| for all x € A. A (complex) C*-algebra is a complex Banach *-
algebra (A, |.||) such that || x*x| = ||x||? for all x. A real C*-algebra [23] is a real Banach
*-algebra (A, |.||) such that for all x € A, ||x*x|| = ||x||* and 1 + x*x is invertible in the

unitization A, of A. An element x in a C*-algebra is said to be positive, if x = u*u for
some u € A. It is known that every positive element has a unique positive square root [11].
The positive square root of x*x is denoted by |x|. The following [9] illustrates that in some
of Gelfand—Mazur Theorems, the stated assumptions can be weakened in the presence of
involutive structure. Let Sym(A) consist of all those 7 € A that are symmetric, that is,
h =h*.
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Theorem 5.6. (a) Let A be a real C*-algebra. Assume that at least one of the following
holds.

(1) A has identity, |h| = +h or —h for all h € Sym(A)

(i1) Sym(A) has no nonzero zero divisors.

Then A is isomorphic to R or C or H.

(b) Let A be a complex C*-algebra satisfying at least one of above (i) or (ii) or the
following.

(iii) A has identity and for each h € Sym(A), sp(e') is convex.

Then A is isomorphic to C.

A Banach *-algebra is said to beHermitian if for every h € Sym(A), Sp(h) C R. It
would be worth while searching for a analogue of above assuming A to be H Hermitian
rather than a C*-algebra. Note that a C*-algebra is Hermitian [11].

6. Theorems of Ingelstam and Zalar

Ingelstam [26,27] proved that if A is a real algebra with identity 1 such that A is
also a real Hilbert space with |[1|| = 1 and |xy|| < |x]||ly] for all x,y in A, then
A is isomorphic to R or C or H. Ingelstam’s proof is based on the geometric notion
of vertex property. Progressively simpler proofs have been evolved simultaneously with
the strengthening of the theorem. The proofs by Smiley [45] and Froehlich [21] use
Gelfand Theory coupled with geometry of Hilbert space. That the existence of identity
cannot be omitted is exhibited by the sequence algebra ¢>. The algebra C> with point
wise multiplication and Euclidean norm shows that the condition ||1|| = 1 also cannot be
omitted. However completeness of A can be dispensed with and the norm inequality can
be replaced by the weaker square inequality. This is the content in the following result due
to Zalar [51]. His proof is based on geometric arguments ultimately appealing to TDZ and
the Gelfand—Mazur Theorem.

Theorem 6.1. (a) Let A be a real algebra with identity 1. Suppose A is also a real inner

product space such that ||x?|| < ||x||*> for all x and ||1|| = 1. Then A is isomorphic to R or
C or H.
(b) Let A be a real algebra which is a real inner product space such that | x*|| = ||x||?

for all x. Then A is isomorphic to R or C or H.

A very simple and elementary proof of above theorem is given in [33]. It only uses
simple geometry of inner product space together with elementary algebra, and is accessible
to under graduates also. Zalar [51] has also discussed an alternative algebra analogue of
the above theorem.

7. An involutive algebra analogue of Zalar’s Theorem

The apparent similarity between the square property [|x?|| = [x||>,x € A of the
complete norm in a uniform Banach algebra and the C*-property || x*x| = [x||?>,x € A
of the C*-norm in a C*-algebra suggested a structural analogy between uniform Banach
algebras and C*-algebras [6,7]. In the light of this, Zalar’s Theorem discussed above
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inspired the following in [9]. A norm on A is said to be Pythagorean if it is induced by
an inner product. Such a norm satisfies the following identity, known as the parallelogram
identity.

lx + yI? + Ix — ylI* = 2(x 1> + [ly||®) forall x,y e A.

Theorem 7.1. Let ||.|| be a Pythagorean norm on a real *-algebra A.
(a) Assume that the norm ||.|| satisfies at least one of the following.
(i)(1) A has identity element 1, ||1]| = 1, ||x*x|| < ||x||? for all x € A.
(2) x*x = 0 implies x =0
@Gi) ||Ix*x|| = ||x||? for all x € A.
Then A is isomorphic to R or C or H.
(b) Suppose A is a complex *-algebra. Assume at least one of the following.
(i) A has identity element 1, |1|| = 1, ||x*x|| < ||x||? for all x € A.
(i) [|x*x] = x| for all x € A.
Then A is isomorphic to C.

This is derived from the following [9] that seems to be of some independent interest.

Theorem 7.2. Let A be a real *-algebra with identity. Assume that x*x = 0 implies x = 0.
Let ||.|| be a norm on Sym(A) such that for all x, y in Sym(A) with xy = yx, it holds that
lx + ylIZ + llx — ylI? = 2||x||> + 2||y||>. Assume at least one of the following.

@ 111 = 1, [Ix*|| < llx||* for all x € A,

(i) [|x%) = ||lx||? for all x € Sym(A).

Then A is isomorphic to R or C or H.

. . . .. 0 1
Here are some interesting issues arising from above theorems. Let u = [0 O]. Then

u # 0, u> = 0 and the unital *-algebra A := {o& + Bu : o, B € R} with involution
(¢ + Bu)* = o — Pu exhibits that the condition x*x = 0 implies x = 0 cannot
be omitted. The algebra R x R with pointwise multiplication and the Euclidean norm
shows that the condition ||1|| = 1 is essential. Theorem 5.1 suggests this: Let A be a
*-semi simple Banach *-algebra admitting a unique (not necessarily complete) C*-norm.
Suppose A has no nonzero zero divisors. Is A a division algebra? The well known norm
characterizations of C*-algebras [11] by Glimm and Kadision and by Vowden suggest
this : In above theorems, can the conditions ||x*x| < [lx||*> and ||x*x| = |x||> be
replaced by the respective conditions ||x*x| < [[x*|/|lx] and [|x*x|| = ||x*|||lx]|? Here
is another elementary question: Let p be a seminorm on an algebra .4 with identity 1
such that p(1) = 1. Let either (a) p(x?) < p(x)* for all x, or (b) A is a *-algebra and
p(x*x) < p(x)* for all x. If p is Pythagorean, is p(xy) < p(x)p(y) for all x, y? The
answer is affirmative if A is commutative [9]. This question is related with two interesting
results. One is due to Sebestyn [43] stating that a seminorm p on a *-algebra A satisfying
the C*-property p(x*x) = p(x)*(x € A) is necessarily submultiplicative; the other one is
a square property analogue due to Dedania [16] stating that a seminorm on any algebra .4
satisfying p(x?) = p(x)*(x € A) is submultiplicative.
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8. Miscellaneous results

(a) Spectral Convexity: Let (A, ||.||) be a complex Banach algebra with identity. The
numerical range V(x) [10,12] of an element x € A is a geometric entity defined as
Vix)={f(x): f e A, |fll = f(1)=1}. In case of some special elements (for example
normal elements in a C*-algebra) the numerical range provides a convex approximation
of the spectrum of x as V(x) = cosp(x), the closure of the convex hull of sp(x). Here A’
is the dual of A. This has motivated the following [4]. For a Banach algebra A, its radical
rad A is the intersection of all maximal modular left ideals of A.

Theorem 8.1. Let A be a complex Banach algebra with identity 1. If sp(x) is convex for
all x € A, then A/rad A is isomorphic to C.

The proof involves showing sp(x) to be a singleton for all x leading to an appeal to the
Gelfand—Mazur Theorem. If .A does not have an identity, then one shows that rad A = A.

There does not exist any good notion of numerical range of an element of a real Banach
algebra and there does not exist any well developed theory about it. Also the spectrum of
an element A in C, regarded as a real algebra, is {X, X}, which is in general not a convex
set. Hence it is not clear what should be the natural analogue of the above theorem for
real algebra. It would be of interest to know whether the following is true: Let A be a
real Banach algebra with identity 1. If sp(x) is convex for all x € A, then A/rad A is
isomorphic to R.

On the other hand, the above result may hold for complex spectral algebra also.
Theorem 8.1 can be modified in the presence of involutive structure. In a Banach *-algebra
A, it suffices to assume that sp(x) is convex for all normal elements, though the convexity
of spectra for all self adjoint elements does not suffice. For Hermitian Banach *-algebras,
it is sufficient to assume convexity of spectra for all unitary elements.

Analogous results have also been discussed in [3]. Here is a typical result. Let .4 be a
complex Banach algebra. If there exists a non empty open subset U in A such that sp(x)
is a singleton for all x € U, then A/rad.A is isomorphic to C. More generally Theorem
3.2.1 in [3] states that if A is a real Banach algebra containing a non empty open set U
such that sp(x) is finite for all x € U, then A/rad A is finite dimensional. A generalization
of Gelfand—Mazur Theorem developed in [32] states that a unital semi simple complex
Banach algebra .4 which has only trivial idempotents and in which sp(x) is countable for
each x is isomorphic to C.

(b) Numerical range characterization

Theorem 8.2 ([12]). Let A be a complex Banach algebra with identity.

(@) Ifforall x € A, V(x?) C {A? : A € V(x)}, then A is homeomorphically isomorphic
to a uniform Banach algebra.

() Ifforall x € A, V(x?) = {A\? : A € V(x)}, then A is isomorphic to C.

(c) O*-algebra version of Gelfand—-Mazur Theorem

Let D be a dense subspace of a complex Hilbert space H. Let £1(D) consists of all
linear operators 77 : D — H, not necessarily bounded, such that 7(D) € D, D C
Dom(T*) and T*D C D. Then L*(D) is a *-algebra with usual vector wise linear
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operations, composition as multiplication and the involution T — T7* := T*|p. An
O*-algebra is a *-sub algebra of £ (D). These unbounded operator algebras and their
representation theory have been conveniently summarized in [42]. These are far away from
being normable (even being seminormable). Still surprisingly the following [42] holds.

Theorem 8.3. Let A be a complex O*-algebra which is a division algebra. Then A is
isomorphic to C.

Under the stated assumption, for any 7 = T+ € A, the closure T turns out to be self
adjoint (a priori unbounded) to which the Spectral Theorem applies. Thus it is the operator
theoretic involutive structure that works. For an unbounded operator algebra that is not
involutive, the theorem may not hold. However, we have no counterexample. Note that
there are non trivial topological fields [36,48]; distribution theory also provides non trivial
convolution algebras of distributions that are fields.

(d) Alternative algebra analogues

Let A be a non-associative algebra. It is alternative if for all x,y € A, x>y = x(xy)
and yx? = (yx)x. An alternative algebra analogue of the classical Frobenius Theorem [17]
states that a finite dimensional real non-associative alternative algebra that is a division
algebra is isomorphic to the reals R or the complex numbers C or the quaternions H or
the octonions Q. In fact, these are the only real finite dimensional division algebras [13].
In the frame work of real non-associative normed algebras, this could inspire a search for
non-associative analogues of various Gelfand—Mazur Theorems. The following [14] is an
analogue of Kaplansky’s Theorem.

Theorem 8.4. Let A be a real non associative alternative normed algebra with no non-
zero joint topological divisors of zero. Then A is isomorphic to R or C or H or Q.

The following from [51] gives alternative algebra analogues of Theorem 6.1.

Theorem 8.5. (a) Let A be an alternative real algebra with identity 1 which is also an
inner product space. Suppose || x*|| < ||x||*> holds for all x € A and ||1|| = 1. Then A is
isomorphic to R or C or H or Q.

(b) Let A be a not necessarily associative complex algebra with identity 1 which is also
an inner product space. Suppose ||x?|| < ||x||> holds for all x,y € Aand ||1|| = 1. The A
is isomorphic to C and is necessarily associative.

Non-associative algebra analogues of Theorems 6.1(b) and 7.1 as well as of other
Gelfand—Mazur Theorems discussed above are not yet known and should be of some
interest.

(e) Remarks

Discussion of Gelfand—Mazur Theorems in more general topological algebras has been
of some interest. Theorem 1.1 has been generalized for various classes of topological
algebras. Arens [2] showed that the theorem holds in a real algebra that is a locally
convex space in which the multiplication and inversion are continuous. In fact a topological
division algebra having continuous inversion and a total set of continuous linear functionals
is isomorphic to R or C or H. It also holds in a separable locally convex complete metric
algebra. On the other hand, Zelazko [53] showed that the theorem holds in a complete
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locally bounded (not necessarily locally convex) algebra. However the following case does
not seem to have been considered. An s-normed algebra (A, ||.]|) is a linear associative
algebra that is a normed linear space such that || xy|| < ||x2||'/?||y?||'/? for all x, y. This
class of algebras arises in the study of orthogonal bases [25]. Does the Gelfand—Mazur
Theorem hold in an s-normed algebra? One may also look for real algebra analogues of
Theorems 5.1, 5.5, 8.1, 8.2, as well as analogues of Theorems 5.2 and 5.3 for algebras
without identity.

Acknowledgements

The work was carried out under UGC-SAP-DRS III programme to the Department of
Mathematics, SPU. SJB is thankful to UGC, India for Emeritus Fellowship.

References

[1] J.M. Almira, An application of the Gelfand-Mazur theorem: the fundamental theorem of algebra revisited,
Divulg. Mat. 13 (2) (2005) 123-125 M.
[2] R. Arens, Linear topological division algebras, Bull. Amer. Math. Soc. 53 (1947) 623-630.
[3] B. Aupetit, Proprietes Spectrales des Algebres de Banach, in: Lecture Notes in Maths, vol. 735, Springer
Verlag, Berlin Heidelberg New York, 1979.
[4] S.J. Bhatt, Spectrally convex Banach algebras, Indian J. Pure. Appl. Math. 10 (1976) 720-730.
[5] S.J. Bhatt, On spectra and numerical ranges in locally m- convex algebras, Indian J. Pure. Appl. Math. 14
(1983) 596-603.
[6] S.J. Bhatt, Norm free topological algebra charecterizations of C*-algebras and uniform Banach algebras,
Bull. Pol. Acad. Sci. 45 (2) (1996) 117-121.
[7]1 S.J. Bhatt, C*-algebras, uniform Banach algebras and a functional analytic Metatheorem, Math. Stud.
80 (1-4) (2011) 31-66.
[8] S.J. Bhatt, H.V. Dedania, Banach algebras with unique uniform norm II, Studia Math. 147 (3) (2002)
211-235.
[9] S.J. Bhatt, D.J. Karia, S.H. Kulkarni, M. Simpi, A note on the Gelfand-Mazur theorem, Proc. Amer. Math.
Soc. 126 (10) (1998) 2999-3005.
[10] EF. Bonsall, J. Duncan, Numerical Ranges for Operators on Normed Linear Spaces and of Elements of
Normed Algebras, in: Lecture Notes, vol. 2, London Math. Soc., Cambridge, 1971.
[11] EF. Bonsall, J. Duncan, Complete Normed Algebras, Springer, 1973.
[12] EF. Bonsall, J. Duncan, Numerical Ranges II, in: Lecture Notes, vol. 10, London Math. Soc., 1973.
[13] R. Bott, J. Milnor, On the parellelizability of the spheres, Bull. Amer. Math. Soc. 64 (1958) 87-89.
[14] M. Cabrera Garcia, A. Rodriguez Palacios, A new simple proof of the Gelfand-Mazur-Kasplansky Theorem,
Proc. Amer. Math. Soc. 123 (9) (1995) 2663-2666.
[15] H.G. Dales, Automatic continuity : a survey, Bull. Lond. Math. Soc. 10 (1978) 129-183.
[16] H.V. Dedania, A seminorm with square property is automatically submultiplicative, Proc. Indian Acad. Sci.
Math. Sci. 108 (1) (1998) 51-53.
[17] H.-D. Ebbinghaus, H. Hermes, F. Hirzebruch, H. Koecher, K. Mainzer, J. Neukirch, A. Prestel, R. Remmert,
Numbers, in: Graduate Text in Math., vol. 123, Springer Verlag, New York, 1990.
[18] R.E. Edwards, Multiplicative norms on Banach algebras, Math. Proc. Cambridge Philos. Soc. 47 (3) (1951)
473-474.
[19] I. Esterle, Theorems of Gelfand-Mazur type and a discontinuous epimorphism from C(K), Jr. Funct. Anal.
36 (1980) 273-286.
[20] G. Frobenius, Uber lineare substitutionen und bilineare formen, J. Reine Angew. Math. 84 (1878) 1-63.
[21] J. Froelich, Unital multiplication on a Hilbert space, Proc. Amer. Math. Soc. 117 (1993) 757-759.
[22] IL.M. Gelfand, Normarte ring, Mat. Sb. 9 (1941) 43-54.



S.J. Bhatt, S.H. Kulkarni / Expo. Math. 36 (2018) 166-177 177

[23] K.R. Goodearl, Notes on Real and Complex C*-Algebras, Shiva Mathematics Series, 5, Shiva, Nantwich,
1982.

[24] J. Heinze, A remark on a paper of V.K. Srinivasan, Bull. Aust. Math. Soc. 22 (1980) 153—154.

[25] T. Husain, Orthogonal Schauder bases, in: Monographs and Textbooks in Pure and Applied Mathematics,
vol. 143, Dekker, New York, 1991.

[26] L. Ingelstam, A vertex property for algebras with identity, Math. Scand. 11 (1962) 22-32.

[27] L. Ingelstam, Hilbert algebras with identity, Bull. Amer. Math. Soc. 69 (1963) 794-795.

[28] K. Jarosz, S.H. Kulkarni, Uniform norms on real algebras, 2005. (unpublished).

[29] S. Kametani, An elementary proof of the fundamental theorem of normed fields, J. Math. Soc. Japan 4
(1952) 96-99.

[30] E. Kaniuth, A Course on Commutative Banach Algebras, in: Graduate Text in Mathematics, vol. 246,
Springer Verlag, 2009.

[31] I. Kaplansky, Normed algebras, Duke Math. J. 16 (1949) 399-418.

[32] S.G. Kim, A generalization of Gelfand-Mazur theorem, Int. J. Math. Math. Sci. 16 (2) (1993) 401-402.

[33] S.H. Kulkarni, A very simple and elementary proof of a theorem of Ingelstam, Amer. Math. Monthly 111 (1)
(2004) 54-58.

[34] S.H. Kulkarni, B.V. Limaye, Real function Algebras, in: Monographs and Textbooks in Pure and Applied
Mathematics, vol. 168, Dekker, New York, 1992.

[35] Ronald Larsen, Banach Algebras An Introduction, Marcel Dekker, Inc, New York, 1973.

[36] A. Mallios, Topological Algebras : Selected Topics, in: North Holland Math. Studies, vol. 124, North
Holland-Amsterdam, 1986.

[37] Nagumo, Einige analytische Untersuchungen in linearen metrischen ringen, Japan Jr. Math. 13 (1936)
61-80.

[38] T.W. Palmer, Spectral algebras, Rockey Mt. J. Math. 22 (1992) 293-327.

[39] T.W. Palmer, Banach Algebras and General Theory of *— Algebras, Cambridge Univ. Press, 2001.

[40] C.E. Rickart, An elementary proof of a fundamental theorem in the theory of Banach algebras, Michigan
Math. J. 5 (1958) 75-78.

[41] C.E. Rickart, General Theory of Banach Algebras, in: The University Series in Higher Mathematics, D. van
Nostrand Co. Inc, Princeton, NJ, 1960.

[42] K. Schmudgen, Unbounded Operator Algebras and Their Representations, Vol. OT 37, Birkhauser Verlag,
Basel Boston Berlin, 1990.

[43] Z. Sebestyn, Every C*-seminorm is automatically submultiplicative, Period. Math. Hungar. 10 (1979) 1-8.

[44] AM. Sinclair, A.W. Tullo, Noetherian Banach algebras are finite dimensional, Math. Ann. 211 (1974)
151-153.

[45] MLF. Smiley, Real Hilbert algebras with identity, Proc. Amer. Math. Soc. 16 (1965) 1497-1501.

[46] V.K. Srinivasan, On some Gelfand-Mazur theorems in Banach algebras, Bull. Aust. Math. Soc. 20 (1979)
211-215 corrigendum. ibid 23 497-480 1981.

[47] V.K. Srinivasan, Hu. Shaing, A theorem in Banach algebras and applications, Bull. Aust. Math. Soc. 20
(1979) 247-252.

[48] L. Waelbroack, Topological Vector Spaces and Algebras, in: Lecture Notes in Maths., vol. 230, Springer
Verlag, Berlin Heidelberg New York, 1971.

[49] K. Yoshida, On the group embeded in the metricial complete ring, Japan Jr. Math. 13 (1936) 7-26.

[50] K. Yoshida, On the group embeded in the metricial complete ring, Japan Jr. Math. 13 (1936) 459-472.

[51] B. Zalar, On Hilbert spaces with unital multiplication, Proc. Amer. Math. Soc. 123 (1995) 1497-1501.

[52] W. Zelazko, Selected Topics in Topological Algebras, in: Aarhus Univ. Lecture Notes, vol. 31, 1971.

[53] W. Zelazko, Banach Algebras, Elsevier Publ. Co., 1973.



