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Abstract
The paper deals with sampling and reconstruction of vector valued functions in a

shift invariant space with multiple generators. Unlike the case of a shift invariant

space with multiple generators in L2ðRÞ, when the dimension of the vectors is the

same as the number of generators, Z turns out to be a stable set of sampling. A

sampling formula for reconstructing a function from its samples at integer points is

derived and the problem of sampling on a perturbed set of integers is discussed. An

illustration of sampling and reconstruction of a function in L2ðR;R2Þ on a finite

interval is given using Matlab.

Keywords Block Laurent operator � Reproducing kernel Hilbert space � Stable set

of sampling � Vector valued Zak transform

Mathematics Subject Classification 42C15 � 94A20

1 Introduction

The theoretical aspects of non uniform sampling began to develop significantly from

the mid twentieth century. Yet it is known to have its roots in the 1841 work of

Cauchy (see [18]). Generally speaking, the sampling problem refers to finding out a

function f : R ! C, from a countable number of samples of f given by, say, f ðxkÞ :
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k 2 I where I is a countable index set. Stated in this manner, the problem is ill-

posed, since there can be uncountable number of functions passing through a given

countable set of points. Hence sampling problems have been studied in convenient

spaces of functions, namely, shift invariant spaces.

The classical Shannon sampling theorem characterizes sampling and reconstruc-

tion in the shift invariant space of bandlimited functions generated by the sinc

function. The sinc function has the property that its Fourier transform is compactly

supported. Let B½�1
2
;1
2
� denote the collection of functions f whose Fourier transform bf

has support ½� 1
2
; 1
2
�. If f 2 L2ðRÞ \ B½�1

2
;1
2
� and f(k) are its samples taken at the integer

points k 2 Z, then the Shannon sampling theorem states that f can be reconstructed

by the formula

f ðxÞ ¼
X

k2Z
f ðkÞsincðx� kÞ:

Paley and Weiner [22] extended this result to non-uniform samples instead of

integers. They proved that if X ¼ fxk : k 2 Zg is such that jxk � kj � 1
p2, then any

band limited function can be reconstructed from the samples ff ðxkÞ : k 2 Zg. Duffin
and Eachus [8] improved this gap between xk and k to 0.22. Later, Kadec in [14]

proved that the maximum gap between xk and k has to be less than 1
4
.

For a more general sampling set, the sampling condition for band limited

functions is given in terms of the Beurling density D(X) defined as follows:

DðXÞ ¼ lim
r!1

inf
y2R

#½X [ ðyþ ½0; r�Þ�
r

:

In fact, if DðXÞ[ 1, then any f 2 L2ðRÞ \ B½�1
2
;1
2
� can be reconstructed from its

samples ff ðxkÞ : k 2 Xg stably and uniquely. Conversely, if every f 2 L2ðRÞ \
B½�1

2
;1
2
� can be uniquely and stably reconstructed from its samples, then DðXÞ� 1 (see

[16]). For a comprehensive survey of sampling theory we refer to the classical work

of Butzer and Stens in [7]. It traces the theory of sampling from the work of de la

Vaullee Poussin in 1908 (see [18]).

Non uniform sampling in shift invariant spaces gained further attention following

the invention of orthogonal wavelet bases and multiresolution analysis by Meyer

[20] and Mallat [19]. The problem of sampling and reconstruction is extensively

studied in shift invariant spaces with single generators. See, for example,

[2, 11, 17, 26].

However, the problem of stable set of sampling was not studied much in the case

of a shift invariant space with multiple generators until recently. In [24], the authors

address the problem of obtaining conditions under which Z can be a stable set of

sampling for a shift invariant space with multiple generators. Surprisingly, it turns

out that Z can never become a stable set of sampling when the number of generators

is � 2. In [23], the authors discuss the problem of obtaining conditions under which

Z=m;m 2 N and rZ; r 2 Qþ become stable set of sampling. But, there are several

interesting results concerning sampling and reconstruction in a shift invariant space
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with multiple generators obtained by several authors. Some problems in this

direction are average sampling [5, 27, 30, 31] dynamic sampling [32], random

sampling [10], stable reconstruction models with respect to different kinds of small

perturbations [1, 17], robustness of the sampling procedure [3], sampling and

reconstruction in reproducing kernel subspaces of LpðRdÞ [4, 21, 33], multiwavelet

spaces [29], local reconstruction procedures [13, 25, 28] and so on.

The problem of interest in the present paper is to study the stable set of sampling

and reconstruction of vector valued functions in a shift invariant space with multiple

generators. Following an intuitive lead to the invertibility of block Laurent

operators, we investigate the stable sets of sampling for V(F) , the shift invariant

space of vector valued functions generated by integer translates of elements of F,

where F ¼ f/1; . . .;/mg;/i 2 L2ðR;CmÞ; i ¼ 1; . . .;m. Unlike the case of shift

invariant spaces with multiple generators in L2ðRÞ, it turns out that when the

dimension of the vectors is the same as the number of generators, Z becomes a

stable set of sampling. Firstly, we derive the condition for the set of translates

fsn/i; n 2 Z; i ¼ 1; . . .;mg to be a Riesz basis for V(F). A Zak transform for the

vector valued functions is defined and it is used to obtain an equivalent condition for

a stable set of sampling for V(F). In fact, a set of equivalent conditions for a

countable indexed set X to be a stable set of sampling for V(F) is derived.

As in [23, 26], a sampling formula for reconstructing a function f 2 VðFÞ from
its samples at integer points is derived. Finally, the problem of sampling on a

perturbed set of integers is also discussed. An illustration is given using Matlab for

sampling and reconstruction of a function in L2ðR;R2Þ on a finite interval.

2 Definitions and background

In this section, we shall provide the necessary definitions and background for the

remaining sections of the paper.

Definition 2.1 Let L2ðR;CmÞ denote the space of vector valued square integrable

functions f : R ! Cm. The inner product on this space is given by

f ; gh iL2ðR;CmÞ¼
Z

R

f ðxÞ; gðxÞh iCmdx ¼
Z

R

gðxÞ� � f ðxÞdx ¼
Z

R

X
m

i¼1

giðxÞfiðxÞdx:

Definition 2.2 A closed subspace M of L2ðR;CmÞ is called a shift invariant space if

sn/ 2 M for all n 2 Z and for all / 2 M . Here sn is the translation operator defined

by sn/ðxÞ ¼ /ðx� nÞ.

We shall work with the following shift invariant space, with m generators in

L2ðR;CmÞ. Let F ¼ f/1; . . .. . .;/mg � L2ðR;CmÞ. Define

VðFÞ ¼ spanfsn/1; . . .:; sn/m; n 2 Zg:
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Definition 2.3 Let 0 6¼ H denote a separable Hilbert space. A sequence of vectors

ffn; n 2 Zg in H is called a frame if there exist constants 0\A�B\1 such that

Ajjf jj2 �
X

n2Z
j f ; fnh ij2 �Bjjf jj2; ð1Þ

for all f 2 H. The numbers A,B are called the frame bounds.

Definition 2.4 ([6]) Let H1; . . .;HL be separable Hilbert spaces. Let

Fi � Hi; i ¼ 1; . . .; L. Let pi : I ! Fi; i ¼ 1; . . .; L be indexing maps where I is a

countable index set. Let F � H1 þ . . .þHL. Then,

F ¼ F1 þ . . .þ FL

¼ ff 1i þ � � � þ f Li ; i 2 Ig; f ki ¼ pkðiÞ 2 Fk:

Then the set fp1ðiÞ; . . .; pLðiÞ : i 2 Ig is called a super frame, if there exist constants

0\A�B\1 such that for each hk 2 Hk; 1� k� L,

Aðjjh1jj2 þ � � � þ jjhLjj2Þ�
X

n2I

X
L

k¼1

j hk; f kn
� �

j2
 !

�Bðjjh1jj2 þ � � � þ jjhLjj2Þ: ð2Þ

Definition 2.5 A sequence of vectors ffn; n 2 Zg in a separable Hilbert space H is

called a Riesz basis, if spanffng ¼ H, and there exist constants 0\c\C\1 such

that

c
X

n2Z
jdnj2 � jj

X

n2Z
dnfnjj2 �C

X

n2Z
jdnj2;

for all ðdnÞ 2 ‘2ðZÞ.

Definition 2.6 For F ¼ f/1; . . .;/mg � L2ðR;CmÞ, let c/j denote the Fourier

transform of /j. Then the Gramian matrix GFðnÞ ¼ ½G/i;/j
ðnÞ� is defined as follows.

G/i;/j
ðnÞ ¼

X

n2Z

c/iðnþ nÞ;c/jðnþ nÞ
D E

; i; j ¼ 1; . . .;m n 2 R:

In particular, when f/1; . . .;/mg � L2ðRÞ, it has been proved in [9] that

fsn/i; n 2 Z; i 2 f1; . . .:;mgg is a Riesz basis for V(F) iff there exist a[ 0; b[ 0

such that

aI 	 GFðnÞ 	 bI a:e: n 2 R: ð3Þ

We shall prove a similar theorem for functions in L2ðR;CmÞ in the next section.

Definition 2.7 A vector valued reproducing kernel Hilbert space, denoted by

RKHS, is a Hilbert space H of functions f : R ! Cm, if there exist a function
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K : R
 R ! Cm
m, such that for every c 2 Cm and x 2 R, Kðx; x0Þc belongs to H.

If we denote KxðyÞ ¼ Kðy; xÞ for a given x and 8y 2 R, we have

Kxc; fh i ¼ c; f ðxÞh i;

where the LHS is an inner product in H. The function K is called the reproducing

kernel of H and Kðx; x0Þ is a positive semi definite matrix for each x; x0.

Definition 2.8 A bounded linear operator L : l2ðZÞm �! l2ðZÞm is a block Laurent

operator iff its matrix has the form

⎡
⎢⎢⎢⎢⎢⎢⎣

. . .
A0 A−1 A−2
A1 A0 A−1
A2 A1 A0

. .

.

.

⎤
⎥⎥⎥⎥⎥⎥⎦

ð4Þ

Here l2ðZÞm is a direct sum of m copies of l2ðZÞ. Therefore, an operator L on l2ðZÞm
can also be represented as an m
 m matrix whose entries are operators acting on

l2ðZÞ. Thus,

L ¼

L1;1 . . . L1;m

..

. ..
.

Lm;1 . . . Lm;m

2

6

6

4

3

7

7

5

: l2ðZÞm �! l2ðZÞm: ð5Þ

It can be shown that L is a Laurent operator on l2ðZÞm iff all the entries Lrs in the

matrix representation (5) are Laurent operators on l2ðZÞ. Also we have

Lrs ¼ ½Ars
i�j�

1
i;j¼�1;

where Ars
n is the (r, s)-th entry of the matrix An with respect to the standard basis of

Cm. Thus we have,

Lrsð. . .; 0; 0; 1 ; 0; 0; . . .Þ ¼ ðArs
n Þn2Z 2 ‘2ðZÞ:

If z 2 S1, where S1 ¼ fz 2 C; jzj ¼ 1g, put

WðzÞ ¼

W1;1ðzÞ . . . W1;mðzÞ
..
. ..

. ..
.

Wm;1ðzÞ . . . Wm;mðzÞ

2

6

6

4

3

7

7

5

; ð6Þ

where,
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WrsðzÞ ¼
X
1

�1
znArs

n :

W is called the defining function or symbol of the Laurent operator L.

Theorem 2.9 [12] Let L be the block Laurent operator with symbol U. Then L is

invertible iff there exists c[ 0 such that

jdetUðzÞj � c a:e: z 2 S1 ð7Þ

and in this case L�1 is the Laurent operator defined by Uð:Þ�1
.

3 The main results

Theorem 3.1 Let F ¼ f/1; . . .. . .;/mg � L2ðR;CmÞ.Then fsn/i; n 2 Z; i 2
f1; . . .:;mgg is a Riesz Basis for V(F) iff there exist a[ 0; b[ 0 such that

aI 	 GFðnÞ 	 bI a:e: n 2 R ð8Þ

where,

GFðnÞ ¼

G/1;/1
ðnÞ . . . G/1;/m

ðnÞ

..

. ..
. ..

.

G/m;/1
ðnÞ . . . G/m;/m

ðnÞ

2

6

6

6

4

3

7

7

7

5

: ð9Þ

Proof Suppose fsn/i; n 2 Z; i 2 f1; . . .:;mgg is a Riesz basis for V(F). Then

there exist constants 0\c\C\1 such that,

c
X

n2Z
jjdnjj2 � jj

X

n2Z

X
m

l¼1

dlðnÞsn/ljj2 �C
X

n2Z
jjdnjj2;

for all ðdÞ ¼ ðd1; . . .; dmÞ 2 ‘2ðZÞm.
Now

jj
X

n2Z

X
m

l¼1

dlðnÞsn/ljj
2 ¼

X

n2Z

X
m

l¼1

dlðnÞsn/l;
X

r2Z

X
m

k¼1

dkðrÞsr/k

* +

¼
X

n2Z

X

r2Z

X
m

l¼1

X
m

k¼1

Z 1

�1
dkðrÞdlðnÞ/kðt � rÞ � /lðt � nÞdt

¼
X

n2Z

X

r2Z

X
m

l¼1

X
m

k¼1

dkðrÞdlðnÞ
Z 1

�1
/kðtÞ � /lðt � ðn� rÞÞdt

¼
X

s2Z

X

r2Z

X
m

l¼1

X
m

k¼1

dkðrÞdlðsþ rÞ
Z 1

�1
/kðtÞ � /lðt � sÞdt;
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by applying change of variables. Taking Fourier transform, we get

jj
P

n2Z
Pm

l¼1 dlðnÞsn/ljj2

¼
X

s2Z

X

r2Z

X
m

l¼1

X
m

k¼1

dkðrÞdlðsþ rÞ
Z 1

�1
b/kðxÞ � b/lðxÞe�jxsdx

¼
X
m

l¼1

X
m

k¼1

Z 1

�1

X

s2Z
dlðsþ rÞe�jxðsþrÞ

X

r2Z
dkðrÞe�jxr b/kðxÞ � b/lðxÞdx

¼
Z 1

�1

X
m

l¼1

X
m

k¼1

bdkðxÞbdlðxÞb/kðxÞ � b/lðxÞdx

¼ bdðxÞMbdðxÞ

where,

bdðxÞ ¼ ðbd1ðxÞ; . . .; bdmðxÞÞ

and

M ¼

b/1ðxÞ; b/1ðxÞ
D E

. . . b/mðxÞ; b/1ðxÞ
D E

..

. ..
. ..

.

b/1ðxÞ; b/mðxÞ
D E

. . . b/mðxÞ; b/mðxÞ
D E

2

6

6

6

6

6

4

3

7

7

7

7

7

5

; ð10Þ

which implies that aI 	 GFðnÞ 	 bI a:e: n 2 R. By retracing the steps, we arrive at

the converse part. h

Now we shall show that V(F) is a RKHS. We have

F ¼ f/1; . . .. . .;/mg � L2ðR;CmÞ. We shall denote /i ¼ ð/i;1; . . .;/i;mÞ; 8i 2
f1; . . .;mg where each /i;j 2 L2ðRÞ; i; j 2 f1; . . .;mg.

Theorem 3.2 The shift invariant space V(F) is a reproducing kernel Hilbert space.

Proof Define K : R
 R ! Cm
m by

Kðx; yÞ ¼

P

n2Z
Pm

l¼1 sn ~/l;1ðyÞ; sn/l;1ðxÞ
D E

0 . . . 0

..

. ..
. ..

.

0 . . . 0
P

n2Z
Pm

l¼1 sn ~/l;mðyÞ; sn/l;mðxÞ
D E

2

6

6

6

6

4

3

7

7

7

7

5

:

using the dual basis fsn ~/i; n 2 Z; i 2 f1; . . .:;mgg. Then for c 2 Cm,

Kð�; xÞc ¼ ðc1
X

n2Z

X
m

l¼1

sn ~/l;1ð�Þ; sn/l;1ðxÞ
D E

; � � � ; cm
X

n2Z

X
m

l¼1

sn ~/l;mð�Þ; sn/l;mðxÞ
D E

ÞT

where,
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c ¼
c1

..

.

cm

2

6

6

4

3

7

7

5

:

Let f ¼ ðf1; . . .; fmÞ. Now,

Kð:; xÞc; fh i

¼ ðc1
X

n2Z

X
m

l¼1

sn ~/l;1ð:Þ; sn/l;1ðxÞ
D E

; . . .;

*

cm
X

n2Z

X
m

l¼1

sn ~/l;mð:Þ; sn/l;mðxÞ
D E

ÞT ; ðf1; . . .; fmÞT
+

¼
X

n2Z

X
m

l¼1

c; sn/lðxÞh i sn ~/lð:Þ; f
D E

¼ c;
X

n2Z

X
m

l¼1

sn ~/lð:Þ; f
D E

sn/lðxÞ
* +

¼ c;
X

n2Z

X
m

l¼1

f ; sn ~/lð:Þ
D E

sn/lðxÞ
* +

¼ c; f ðxÞh i:

h

Definition 3.3 The vector valued Wiener Amalgam space, denoted by

WðC; ‘1;CmÞ, is defined by

WðC; ‘1;CmÞ ¼ ff 2 CðR;CmÞ :
X

n2Z
max
x2½0;1�

jjf ðxþ nÞjj\1g:

If f/1; . . .. . .;/mg � WðC; ‘1;CmÞ, then each function in V(F) is continuous. Fur-

ther it can be shown that WðC; ‘1;CmÞ is a Banach Space with the above norm.

Definition 3.4 A set X ¼ fxn : n 2 Zg is called a stable set of sampling for V(F), if

there exist r;R[ 0 such that

r k f k2L2ðR;CmÞ �
X

n2Z
k f ðxnÞ k2Cm �R k f k2L2ðR;CmÞ; 8f 2 VðFÞ: ð11Þ

Proposition 3.1 X ¼ fxn : n 2 Zg is a stable set of sampling for V(F) iff it is a

stable set of sampling for Vð/1Þ; . . .;Vð/mÞ.

Proof Let X be a stable set of sampling for Vð/iÞ; i ¼ 1; . . .;m. Then, there exist

ri;Ri [ 0 such that
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ri k fi k2L2ðR;CmÞ �
X

n2Z
k fiðxnÞ k2Cm �Ri k fi k2L2ðR;CmÞ; fi 2 Vð/iÞ; 8i ¼ 1; . . .;m:

ð12Þ

Let r ¼ min
i¼1;...;m

ðriÞ and R ¼ max
i¼1;...;m

ðRiÞ. Let f 2 VðFÞ. Then,

f ¼
X

k2Z

X
m

j¼1

cjðkÞ/jðx� kÞ

for some cj 2 l2ðZÞ. Here each fj ¼
P

k2Z cjðkÞ/jðx� kÞ 2 Vð/jÞ; 8j ¼ 1; . . .;m:

Then it follows from (12) that,

X
m

i¼1

r k fi k2L2ðR;CmÞ �
X
m

i¼1

X

n2Z
r k fiðxnÞ k2Cm �

X
m

i¼1

R k fi k2L2ðR;CmÞ; 8i ¼ 1; . . .;m:

which in turn implies that

k f k2L2ðR;CmÞ �
X

n2Z
r k f ðxnÞ k2Cm �R k f k2L2ðR;CmÞ :

Conversely, suppose X is a stable set of sampling for V(F). Then, there exist

r;R[ 0 such that

r k f k2L2ðR;CmÞ �
X

n2Z
k f ðxnÞ k2Cm �R k f k2L2ðR;CmÞ; 8f 2 VðFÞ:

Let fi 2 Vð/iÞ. Then,

fi ¼
X

n2Z
cðnÞsn/i where c 2 ‘2ðZÞ:

From the above equation, we get fi 2 VðFÞ. Therefore,

r k fi k2L2ðR;CmÞ �
X

n2Z
k fiðxnÞ k2Cm �R k fi k2L2ðR;CmÞ;

which shows that X is a stable set of sampling for Vð/iÞ for i ¼ 1; . . .;m. h

Definition 3.5 Let f 2 L2ðR;CmÞ. Then, the vector valued Zak transform Z :

L2ðR;CmÞ ! L2ðR
 T;CmÞ where T ¼ ½�1; 1�, is the function on R2 defined by

ðZf Þðx; yÞ ¼
X

n2Z
e2pinysnf ðxÞ: ð13Þ

As in the classical case, vector valued Zak transform satisfies the following

properties.

• Zf̂ ðx; yÞ ¼ e2pixyZf ð�y; xÞ x; y 2 R.

• Zf ðk; yÞ ¼ e2pikyZf ð0; yÞ k 2 Z.
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Now, for each F 2 L2ðT;CmÞ, we define

TFðxÞ ¼
X

n2Z

X
m

l¼1

F ; e2pin�el
� �

/lðxþ nÞ;

where ðe1; . . .; emÞ is the standard orthonormal basis for Cm.

Clearly TF 2 VðFÞ. The operator T is bounded above and below. In fact,

jjTFjj2 ¼ jj
X

n2Z

X
m

l¼1

F ; e2pin�el
� �

/lð� þ nÞjj2:

Since fsn/l; l ¼ 1; . . .; ng is a Riesz Basis for V(F), we have,

c
X

n

jj F ; e2pin�el
� �

jj2 � jjTFjj2 �
X

n

jj F ; e2pin�el
� �

jj2;

which implies that

cjjF jj2 � jjTFjj2 �CjjF jj2;

since fe2pinel; l ¼ 1; . . .;m; n 2 Zg forms an orthonormal basis for L2ðT;CmÞ.
Moreover, for each f 2 VðFÞ, there exists a unique ðcnÞ 2 ‘2ðZÞm such that

f ¼
P

n2Z
Pm

l¼1 cjðnÞ/lð� þ nÞ. Again, by Riesz-Fischer theorem, there exist a

unique F 2 L2ðT;CmÞ, such that F ; e2pinel
� �

¼ clðnÞ. For this F we have TF ¼ f .

Hence T is onto. Thus, T is a bounded invertible operator from L2ðT;CmÞ onto V(F).
Further,

TFðxÞ

¼
X

n2Z

X
m

l¼1

F ; e2pin�el
� �

/lðxþ nÞ

¼
X

n2Z

X
m

l¼1

Z

T

e�2pinyF lðyÞdy/lðxþ nÞ

¼
Z

T

X
m

l¼1

F lðyÞ
X

n2Z
e�2piny/lðxþ nÞdy

¼
X
m

l¼1

Z

T

F lðyÞZ/lðx; yÞdy

¼
X
m

l¼1

Z

T

F lðyÞðZ/l;1ðx; yÞ; . . .; Z/l;mðx; yÞÞTdy

¼
X
m

l¼1

Z

T

F lðyÞZ/l;1ðx; yÞdy; . . .;
X
m

l¼1

Z

T

F lðyÞZ/l;mðx; yÞdy
 !

¼ F ; ðZ/1;1ðx; �Þ; . . .; Z/m;1ðx; �ÞÞ
D E

; . . .; F ; ðZ/1;mðx; �Þ; . . .; Z/m;mðx; �ÞÞ
D E� �

¼ F ; Z/...;1ðx; �Þ
D E

; . . .; F ; Z/�;mðx; �Þ
D E� �

Now, let f 2 L2ðR;CmÞ be written as f ¼ ðf1; . . .; fmÞ. Consider
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X

k2Z

X
m

j¼1

cjðkÞ/jðxi � kÞ ¼ f ðxiÞ; cj 2 ‘2ðZÞ; ð14Þ

which we will write as a matrix equation. Define U : ‘2ðZÞm ! ‘2ðZÞm by

U ¼

U1;1 . . . Um;1

..

. ..
. ..

.

U1;m . . . Um;m

2

6

6

6

4

3

7

7

7

5

; ð15Þ

where each Ui;j is an infinite matrix given by

Ui;jðk; sÞ ¼ /i;jðxk � sÞ: ð16Þ

Let

c ¼
c1

..

.

cm

2

6

6

4

3

7

7

5

ð17Þ

be an element of l2ðZÞm, where each ci 2 l2ðZÞ. Then (14) can be written as

Uc ¼ ðf ðxiÞÞ; i 2 Z; ð18Þ

where

f ¼

f1

..

.

fm

2

6

6

4

3

7

7

5

ð19Þ

belongs to L2ðR;CmÞ.
Now we shall prove the equivalent statements for a stable set of sampling for

V(F), as in [2, 26] for a shift invariant space in L2ðRÞ with a single generator.

Theorem 3.6 Let F ¼ f/1; . . .. . .;/mg � L2ðR;CmÞ and F � WðC; ‘1;CmÞ such

that fsk/i; k 2 Z; i ¼ 1; . . .;mg is a Riesz basis for V(F) . Then the following

statements are equivalent:

(1) The set X ¼ fxj : j 2 Zg is a stable set of sampling for V(F).

(2) There exists A;B[ 0 such that

A k c k2l2ðZÞm � k Uc k2l2ðZÞm �B k c k2l2ðZÞm ; 8c 2 l2ðZÞm:

(3) The set fKxjel : j 2 Z; l ¼ 1; . . .;mg is a super frame for V(F), where fKx :

x 2 Rg is a reproducing kernel for V(F).

(4) The set fZ/�;1ðxj; :Þ; . . .; Z/�;mðxj; :Þ : j 2 Zg is a super frame for L2ðT;CmÞ.
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Proof 1 ) 2. Let X ¼ fxj : j 2 Zg be a stable set of sampling for V(F). Then, there

exist r[ 0;R[ 0 such that

r k f k2L2ðR;CmÞ �
X

n2Z
k f ðxnÞ k2Cm �R k f k2L2ðR;CmÞ :

Let f ¼
P

n2I
Pm

j¼1 cjðnÞsn/j. Then,

k f k2 ¼ j
X

n2Z

X
m

i¼1

ciðnÞsn/i;
X

k2I

X
m

j¼1

cjðkÞsk/j

* +

j

¼ j
X

n;k2Z

X
m

i;j¼1

ciðnÞsn/i; cjðkÞsk/j

� �

j

�
X

n;k2Z

X
m

i;j¼1

jciðnÞjjjsn/ijjjcjðkÞjjjsk/jjj

¼ max
l

k /j k2
X

n2Z

X
m

i¼1

jciðnÞj
X

k2Z

X
m

j¼1

jcjðkÞj

�B k c k2 :

Also,

k f k2 �min
l

k /j k2
X

n2I

X
m

j¼1

jcjðnÞj2:

Further, we have from (18) that, k Uc k2
l2ðZÞm¼

P

n2Z jf ðxnÞj
2
.

Therefore,

A k c k2l2ðZÞm � k Uc k2l2ðZÞm �B k c k2l2ðZÞm ; 8c 2 l2ðZÞm;

where A ¼ r � min
l

k /j k2; B ¼ R � max
l

k /j k2.
2 ) 3. From (11),
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X

n2I

X
m

j¼1

j f ;Kxjel
� �

j2 ¼
X

n2I

X
m

j¼1

j f ðxjÞ; el
� �

j2

¼
X

n2I

X
m

j¼1

jflðxjÞj2

¼
X

n2I
k f ðxjÞ k2

¼k Uc k2

�B k c k2

�B
1

A
k f k2 :

Similarly,

A
1

B
k f k2 �

X

n2I

X
m

j¼1

j f ;Kxjel
� �

j2:

Notice here that, with Hl ¼ L2ðR;CmÞ; l ¼ 1; . . .;m and pl : Z ! L2ðR;CmÞ given
by plðjÞ ¼ Kxjel; l ¼ 1; . . .;m, we have fplðjÞ; l ¼ 1; . . .;mg is a super frame for

V(F).

3 () 4. We have,

X

n2Z
k f ðxnÞ k2Cm ¼

X

n2I

X
m

j¼1

j f ;Kxjel
� �

j2

¼
X

n2I

X
m

j¼1

j F ; Z/�;lðxj; �Þ
� �

j2;

where TF ¼ f and T being a bounded invertible operator satisfies

1

k T�1 k2 k F k2 �
X

n2I

X
m

j¼1

j F ; Z/�;lðxj; �Þ
� �

j2 � k T k2k F k2;

showing that 3 and 4 are equivalent.

h

4 Regular sampling in V(F)

Consider the case when X ¼ Z. Then the matrix U in (15) becomes

Ui;jðk; sÞ ¼ /i;jðk � sÞ:

In this case, U : ‘2ðZÞm �! ‘2ðZÞm is a block Laurent operator by its structure.

Then by (5), each of Ui;j : ‘
2ðZÞ �! ‘2ðZÞ are Laurent operators.
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For F ¼ f/1; . . .. . .;/mg, define U by

UðzÞ ¼

U1;1ðzÞ . . . Um;1ðzÞ
..
. ..

. ..
.

U1;mðzÞ . . . Um;mðzÞ

2

6

6

4

3

7

7

5

; ð20Þ

where,

Ui;jðzÞ ¼
X

n2Z
/i;jðnÞzn ð21Þ

and z 2 S1, where S1 ¼ fz 2 C; jzj ¼ 1g.
From [12], we have Ui;j is the defining function of the Laurent operator with

matrix Ui;j. Therefore, from [12], we have U is the defining function of U. If

/1; . . .. . .;/m 2 WðC; ‘1;CmÞ, then each /i;j 2 WðC; ‘1;CÞ, and the infinite sum in

(21) converges uniformly on S1, from which we have Ui;j is continuous on S1.

Theorem 4.1 Suppose /1; . . .. . .;/m 2 WðC; ‘1Þ. Then, the operator U described

in 15 with Ui;jðk; sÞ ¼ /i;jðk � sÞ; k; s 2 Z is a Block Laurent operator on l2ðZÞm

with symbol U. Moreover the operator U satisfies the inequalities

jjUjj20jjdjj
2
l2ðZÞm � jjUdjj2l2ðZÞm � jjUjj21jjdjj2l2ðZÞm ; ð22Þ

8d ¼ ðd1; . . .; dmÞ 2 l2ðZÞm, where jjUjj1 ¼ max
S1

jjUðxÞjjHS and

jjUjj0 ¼ min
S1

jjUðxÞjjHS, where jj:jjHS denotes the Hilbert Schmidt norm.

Proof

jjUdjj2l2ðZÞm ¼
X
m

k¼1

jj
X
m

j¼1

Uj;kdjjj2

¼
X
m

k¼1

X

n2Z
j
X
m

j¼1

ðUj;kdjÞðnÞj2

¼
X
m

k¼1

Z

S1
j
X

l2Z

X

n2Z

X
m

j¼1

/j;kðl� nÞdjðnÞe2pilxj2dx

¼
X
m

k¼1

Z

S1
j
X

s2Z

X

n2Z

X
m

j¼1

/j;kðsÞdjðnÞe2piðsþnÞxj2dx

¼
X
m

k¼1

Z

S1

j
X
m

j¼1

X

s2Z
/j;kðsÞe2pisx

X

n2Z
djðnÞe2pinxj2dx

¼
X
m

k¼1

Z

S1

j
X
m

j¼1

Uj;kðxÞ
X

n2Z
djðnÞe2pinxj2dx:

Let fjðxÞ ¼
P

n2Z djðnÞe2pinx and f ðxÞ ¼ ðf1ðxÞ; . . .; fmðxÞÞ. Then, by Parseval’s
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Identity, jjfjjj2 ¼
P

n2Z jdjðnÞj
2; j ¼ 1; . . .;m and hence jjf jj2 ¼ jjdjj2. Also denote

U ¼ ½U1; . . .;Um�T where Uj; j ¼ 1; . . .;m are the rows of U. Then,

jjUdjj2l2ðZÞm ¼
X
m

k¼1

Z

S1

jUkðxÞf ðxÞj2dx

¼
Z

S1

jjUðxÞf ðxÞjj2Cmdx:

Then U satisfies 22. h

Corollary 4.1 Let F ¼ f/1; . . .. . .;/mg � L2ðR;CmÞ, such that fsk/i : k 2 Z; i ¼
1; . . .;mg forms a Riesz basis for V(F) and jjUjj0 [ 0. Then Z is a stable set of

sampling for V(F) iff there exists c[ 0 , such that

jdetðU�ðzÞUðzÞÞj � c a:e: z 2 S1: ð23Þ

Proof Let the sampling set be X ¼ Z. Then, U is a block Laurent operator with

symbol U and hence, U�U is a block Laurent operator with symbol U�U. It follows
from theorem 4.1 that U is bounded above and below, which is equivalent to U�U
invertible, which shows that Z is a stable set of sampling for V(F). h

Example 4.2 Let f be defined by

f ðxÞ ¼
4þ 3x �4=3� x\0

4� 3x 0� x� 4=3
0 otherwise

8

<

:

:

Define /1 ¼ ðf ; 0Þ;/2 ¼ ð0; f Þ. Then /1;/2 2 L2ðR;R2Þ. We have B ¼
fsn/1; sm/2 : n;m 2 Zg forms a Riesz basis for V(F). In fact, we have fsn/i : n 2
Zg forms a Riesz basis for Vð/iÞ; i ¼ 1; 2. Also sn/1; sm/2h i ¼ 0 for n;m 2 Z.

Therefore, VðFÞ ¼ Vð/1Þ � Vð/2Þ and thus B is a Riesz Basis for V(F). The matrix

of the corresponding Laurent operator is given by

U ¼
U1;1 U2;1

U1;2 U2;2

� �

: l2ðZÞ2 �! l2ðZÞ2;

where U2;1 ¼ U1;2 ¼ 0. Further,

U1,1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

. . .
1 4 1 0 0
0 1 4 1 0
0 0 1 4 1

. . .

⎤
⎥⎥⎥⎥⎥⎥⎦
= U2,2
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In this case we can see that U is invertible being diagonally dominant, hence U�U
and therefore Z is a stable set of sampling for f.

5 An illustration

We further illustrate regular sampling and reconstruction using Matlab by taking an

example in L2ðR;R2Þ. Define /1 ¼ ð/1;1;/1;2Þ and /2 ¼ ð/2;1;/2;2Þ where

/1;1 ¼ e�x2 ;/1;2 ¼ ð4x2 � 2Þe�x2 . We take /2;1 ¼ /1;2;/2;2 ¼ /1;1. Let f ¼
ðf1; f2Þ 2 Vð/1;/2Þ be a finite length signal in the interval ½�20; 20� defined by

f ¼
Pk¼15

k¼�15

P2
j¼1 cjðkÞsk/j, where c1 and c2 are defined by c1ð�15Þ ¼

�1; c1ð�13Þ ¼ 1
2
; c1ð�11Þ ¼ 1; c1ð�9Þ ¼ 1; c1ð�8Þ ¼ 1; c1ð�5Þ ¼ �1

2
; c1ð0Þ ¼

1; c1ð3Þ ¼ 2; c1ð5Þ ¼ �3
2
; c1ð9Þ ¼ 1; c1ð11Þ ¼ �1; c1ð13Þ ¼ �1; c1ð14Þ ¼ �1

2
and

c2ð�15Þ ¼ �2; c2ð�13Þ ¼ 1
2
; c2ð�11Þ ¼ 1; c2ð�9Þ ¼ 1; c2ð�8Þ ¼ 1; c2ð�5Þ ¼

�1
2
; c2ð0Þ ¼ 1; c2ð3Þ ¼ 3

2
; c2ð5Þ ¼ �1

2
; c2ð9Þ ¼ 3

2
; c2ð11Þ ¼ �1; c2ð13Þ ¼ �1; c2ð14Þ

¼ 1 1
2
. Also c1ðiÞ ¼ 0 and c2ðiÞ ¼ 0 for the remaining values of i.

Here,

UðzÞ ¼
U1;1ðzÞ U2;1ðzÞ
U1;2ðzÞ U2;2ðzÞ

� �

;

where U1;1ðzÞ ¼
P

n2Z e
�n2zn and U1;2ðzÞ ¼

P

n2Zð4n2 � 2Þe�n2zn. Also

U2;1 ¼ U1;2;U2;2 ¼ U1;1. In this case jjUðzÞjj2 ¼ jjU1;1ðzÞjj2 þ jjU1;2ðzÞjj2 þ
jjU2;1ðzÞjj2 þ jjU2;2ðzÞjj2 ¼ 2ðjjU1;1ðzÞjj2 þ jjU1;2ðzÞjj2Þ. It can be shown that

jjU1;1ðzÞjj[ 3
4
� 2

e
[ 0 for z 2 S1. S1 being compact, we have

minz2S1 jjU1;1ðzÞjj[ 0, so that jjUjj0 [ 0.

Figure 1 shows the original function together with its samples taken at integer

points. Figure 2 shows the reconstructed function. The relative reconstruction error

given by
jjforg�freconjjL2ðR;CmÞ

jjforgjjL2ðR;CmÞ
is 1:2439
 10�13:

Fig. 1 f Original
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6 A sampling formula

In this section, we obtain a sampling formula for functions in V(F) with integer

samples.

Theorem 6.1 Let F ¼ f/1; . . .. . .;/mg � WðC; ‘1;CmÞ be such that

fsn/1; . . .; sn/m : n 2 Zg forms a Riesz basis for V(F). Suppose there exists a

c[ 0 such that

fz 2 S1 : jdetUyðzÞj\cg ð24Þ

has measure zero, where Uy is the symbol of the block Laurent operator U�U
associated with the sample set Z. Then, 8f 2 VðFÞ, we have

f ðxÞ ¼
X
m

j;l¼1

X

k;n2Z
ðUl�YÞðnÞbwl;jðk � nÞ/jðx� kÞ; ð25Þ

where W ¼ ½wi;j� is the symbol associated with inverse block Laurent operator with

sampling set Z.

Proof For f 2 VðFÞ, we have

f ðxÞ ¼
X
m

j¼1

X

k2Z
cjðkÞ/jðx� kÞ: ð26Þ

Writing U as U ¼ ½U1; . . .;Um� where each Ui ¼ ½Ui;1; . . .;Ui;m�T and

c ¼ ðc1. . .cmÞT , then for the sampling set Z, we can write (26) as Uc ¼ Y where

Y ¼ ðf ðxsÞÞxs2Z. Then U�Uc ¼ U�Y . Since for c[ 0 we have, fz 2 S1 :

jdetUyðzÞj\cg has measure zero, U�U is invertible. As U�U is a block Laurent

Fig. 2 f Reconstructed
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operator with symbol Uy; ðU�UÞ�1
will be a block Laurent Operator with symbol,

say, W ¼ ½wj;i�1� i;j�m where W ¼ ðUyÞ�1
. Let

ðU�UÞ�1 ¼ L ¼ ½Lj;i�1� i; j�m: ð27Þ

Then,

cp ¼
X
m

i¼1

X
m

l¼1

Ll;pU
�
l;ifi ¼

X
m

l¼1

Ll;pU
l�Y :

Hence,

f ðxÞ ¼
X
m

j¼1

X

k2Z

X
m

l¼1

Ll;jU
l�Y

 !

k

/jðx� kÞ

¼
X
m

j¼1

X

k2Z

X
m

l¼1

X

n2Z
ðLl;jÞk;nðUl�YÞðnÞ

 !

k

/jðx� kÞ

¼
X
m

j¼1

X

k2Z

X
m

l¼1

X

n2Z

bwl;jðk � nÞðUl�YÞðnÞ
 !

k

/jðx� kÞ

¼
X
m

j;l¼1

X

k;n2Z
ðUl�YÞðnÞbwl;jðk � nÞ/jðx� kÞ:

h

7 Perturbation of a stable set of sampling

In this section we prove that if a set Y is ‘‘sufficiently close’’ to a stable sampling set

X, then Y will also turn out to be a stable set of sampling for V(F). For a similar

theorem in the classical case we refer to [15, 24].

Definition 7.1 For d[ 0, a set Y ¼ fyj : j 2 Zg is said to be in a d - neighbourhood
of X ¼ fxj : j 2 Zg, if jxj � yjj\d; 8j 2 Z.

Let

UX ¼

UX
1;1 . . . UX

m;1

..

. ..
. ..

.

UX
1;m . . . UX

m;m

2

6

6

4

3

7

7

5

ð28Þ

and jjUX jj ¼ sup1� i;j�mjjUX
i;jjjop. For each i; j 2 1; . . .;m, let UX

i;j be a bounded

operator on ‘2ðZÞ where UX
i;j is defined by the infinite matrix

UX
i;jðk; sÞ ¼ /i;jðxk � sÞ:
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Theorem 7.2 Let /j for each j ¼ 1; . . .;m be a continuous Cm valued function

having compact support in R. Then 8�[ 0, there exists d[ 0 such that whenever Y

is in a d-neighbourhood of X, jjUX � UY jj\� .

Proof Let /j ¼ ð/j;1; . . .;/j;mÞ. Let i 2 fi; . . .;mg. Since /j has compact support in

R;/j;i also has compact support in R. Also /j;i : j ¼ 1; . . .;m is continuous.

Therefore, there exists an integer N 2 N such that
X

k2Z
j/j;iðxl � kÞ � /j;iðyl � kÞj ¼

X

jjkjj �N

j/j;iðxl � kÞ � /j;iðyl � kÞj: ð29Þ

Here ||k|| denotes the Euclidean norm of k. Being continuous over a compact sup-

port, /j;i is uniformly continuous in R. Therefore given �[ 0, there exist a d[ 0,

such that

j/j;iðxÞ � /j;iðyÞj\
�

#ðk : jjkjj\NÞ ; whenever jjx� yjj\d:

Suppose Y is in this d- neighbourhood. Then jjxl � yljj\d for every l 2 Z. Hence,

X

k2Z
j/j;iðxl � kÞ � /j;iðyl � kÞj\�; 8l 2 Z:

This implies that,

supl2Z
X

k2Z
j/j;iðxl � kÞ � /j;iðyl � kÞj\�: ð30Þ

Similarly, it can be shown that

supk2Z
X

l2Z
j/j;iðxk � lÞ � /j;iðyk � lÞj\�: ð31Þ

Therefore , by Schur’s test, for any bounded operator A on ‘2ðZÞ described by a

matrix ½ak;l� we have

jjAjj �
ffiffiffiffiffiffi

ab
p

;

where a ¼ supl2Z
P

k2Z jak;lj and b ¼ supk2Z
P

l2Z jak;lj. Then, using (30) and (31),

we get jjUX
i;j � UY

i;jjj\�. Therefore, jjUX � UY jj\� being supremum of the indi-

vidual norms for i; j 2 f1; . . .;mg. h

Definition 7.3 A sampling set X ¼ fxi : i 2 Zg is said to be separated by d, if
sepðXÞ ¼ infk 6¼ljxk � xlj � d for some d[ 0.

Theorem 7.4 Let /j for each j ¼ 1; . . .;m be continuous Cm valued functions on R

satisfying the decay condition jj/jðxÞjj � c
1þjxja ; 8x 2 R; j ¼ 1; . . .;m where c[ 0 is

a constant and a[ 1. Further assume that fsk/j : j ¼ 1; . . .;mg is a Riesz basis for

V(F). Suppose X ¼ fxi : i 2 Zg is a stable set of sampling for V(F) and it is
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separated by d0 for some d0 [ 0. Then there exists 0\d\ d0
4
such that whenever Y

is in a d neighbourhood of X, Y will be a stable set of sampling for V(F).

In order to prove the theorem, we prove the following.

Lemma 7.5 Let /j, for j ¼ 1; . . .;m be continuous Cm valued functions on R

satisfying the decay condition jj/jðxÞjj � c
1þjxja ; 8x 2 R; j ¼ 1; . . .;m where c[ 0 is

a constant and a[ 1. Further, assume that fsk/j : j ¼ 1; . . .;mg is a Riesz Basis for

V(F). Then, for any sampling set X ¼ fxi : i 2 Zg, the family of operators fUX :
sepðXÞ� dg is uniformly bounded.

Proof Consider UX
i;j : i; j 2 f1; . . .;mg. We will show that the row and column sum

of UX
i;j is bounded for every X with sepðXÞ� d.

We have,

X

k2Z
j/i;jðxn þ kÞj �

X

k2Z

c

1þ jxn þ kja ; 8n 2 Z: ð32Þ

The RHS converges uniformly . Therefore, the LHS also converges uniformly to a

continuous function.

Hence we have,
X

k2Z
j/i;jðxn þ kÞj � a; 8n 2 Z; a\1:

Thus,

X

k2Z
j/i;jðxn � kÞj � a; 8n 2 Z; a\1: ð33Þ

Also, since X is separated by d for each k 2 Z, there exists an n0 2 Z such that

jxn � kj[ dðn� n0Þ;8n 2 Z. Then for each k 2 Z we have,
X

n2Z
j/i;jðxn � kÞj �

X

n2Z

c

1þ jxn þ kja

�
X

n� n0

c

1þ daðn� n0Þa
þ
X

n\n0

c

1þ daðn0 � nÞa

¼
X
1

n¼0

c

1þ daðnÞa þ
X
1

n¼0

c

1þ daðnÞa

¼ 2c
X
1

n¼0

c

1þ ðdnÞa \1:

Thus,
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X

n2Z
j/i;jðxn � kÞj� bd; 8k 2 Z ð34Þ

Hence, by (33) and (34), by Schur’s lemma we have jjUXjj �
ffiffiffiffiffiffiffi

abd
p

. Thus, the

family of operators fUX : sepðXÞ� dg is uniformly bounded. h

Proof of theorem 7.4 Let X be a stable set of sampling with sepðXÞ ¼ d0. Let Y be

in a d0
4
neighbourhood of X.

We have for k; l 2 Z,

jxk � xlj ¼ jxk � yk þ yk � yl þ yl � xlj; k; l 2 Z

� jxk � ykj þ jyk � ylj þ jyl � xlj

� d0
2
þ jyk � ylj:

Thus,

jyk � ylj � jxk � xlj �
d0
2

� d0 �
d0
2

¼ d0
2
:

In other words, sepðYÞ� d0
2
. From lemma 33 , we have jjUY jj �M for all oper-

ators UY in fUY : sepðYÞ� d0
2
g for someM[ 0. In particular, jjUXjj �M, since X is

a stable set of sampling with sepðXÞ ¼ d0. By theorem 7.2, for � ¼ 1

2MjjðUX�
UXÞ�1jj,

there exist 0\d� d0
4
such that jjUX � UY jj\� whenever Y is in a d-neighbourhood

of X.
jjUX�UX � UY �UY jj ¼ jjUX�UX � UX�UY þ UX�UY � UY �UY jj

� jjUX�UX � UX�UY jj þ jjUX�UY � UY �UY jj
¼ jjUX�jjjjUX � UY jj þ jjUY jjjjUX� � UY �jj

\
1

jjðUX�UXÞ�1jj
:

Thus UY �UY is invertible, whenever Y is in a d neighbourhood of X, proving our

assertion. h
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13. Gröchenig, K., and H. Schwab. 2003. Fast local reconstruction methods for nonuniform sampling in

shift-invariant spaces. SIAM Journal on Matrix Analysis and Applications 24 (4): 899–913. https://

doi.org/10.1137/S0895479802409067.

14. Kadec, M.I. 1964. The exact value of Paley–Wiener constants. Soviet Mathematics Doklady 5:

559–561.

15. Kulkarni, S.H., R. Radha, and S. Sivananthan. 2009. Non Uniform Sampling Problem. Journal of

Applied Functional Analysis 4 (1): 58–74.

16. Landau, H. 1967. Necessary density conditions for sampling and interpolation of certain entire

functions. Acta Mathematica 117: 37–52.

17. Liu, Y.M., and G.G. Walter. 1995. Irregular sampling in wavelet subspaces. Journal of Fourier

Analysis and Applications 2 (2): 181–189.

18. Marvasti, F. 2001. Non-Uniform Sampling Theory and Practice. New York: Springer Science ?

Business Media.

19. Mallat, S.G. 1989. A Theory for Multiresolution Signal Decomposition: The Wavelet Representation.

IEEE Transactions on Pattern Analysis and Machine Intelligence II (7): 674–691.

20. Meyer, Y. 1993. Wavelets: Algorithms and Applications. Philadelphia: SIAM.

21. Nashed, M.Z., and Q. Sun. 2010. Sampling and reconstruction of signals in a reproducing kernel

subspace of LpðRdÞ. Journal of Functional Analysis 258 (7): 2422–2452. https://doi.org/10.1016/j.jfa.
2009.12.012.

22. Paley, R.E.A.C., and N. Weiner. 1934. Fourier transforms in the complex domain, vol. 19, p. 113.

New York: American Mathematical Society.

23. Radha, R., K. Sarvesh, and S. Sivananthan. 2019. Invertibility of Laurent operators and shift invariant

spaces with finitely many generators. Applicable Analysis. https://doi.org/10.1080/00036811.2019.

1585531.

24. Radha, R., K. Sarvesh, and S. Sivananthan. 2018. Sampling and Reconstruction in a Shift Invariant

Space with Multiple Generators. Numerical Functional Analysis and Optimization. https://doi.org/10.

1080/01630563.2018.1501701.

123

A. John et al.

Author's personal copy

https://doi.org/10.1007/s10444-008-9083-6
https://doi.org/10.1007/s10444-008-9083-6
https://doi.org/10.1016/j.acha.2005.06.002
https://doi.org/10.1007/s00041-001-0001-2
https://doi.org/10.1215/00127094-2141944
https://doi.org/10.1215/00127094-2141944
https://doi.org/10.1137/S0895479802409067
https://doi.org/10.1137/S0895479802409067
https://doi.org/10.1016/j.jfa.2009.12.012
https://doi.org/10.1016/j.jfa.2009.12.012
https://doi.org/10.1080/00036811.2019.1585531
https://doi.org/10.1080/00036811.2019.1585531
https://doi.org/10.1080/01630563.2018.1501701
https://doi.org/10.1080/01630563.2018.1501701


25. Radha, R., and S. Sivananthan. 2009. Local reconstruction of a function from a non uniform sampled

data. Applied Numerical Mathematics 59 (2): 393–403. https://doi.org/10.1016/j.apnum.2008.03.038.

26. Selvan, A.A., and R. Radha. 2015. Sampling and Reconstruction in Shift-Invariant Spaces on Rd .

Annali di Matematica Pura ed Applicata 194: 1683–1706.

27. Sun, Q. 2007. Non-uniform average sampling and reconstruction of signals with finite rate innova-

tion. SIAM Journal on Mathematical Analysis 38 (5): 1389–1422. https://doi.org/10.1137/

05063444X.

28. Sun, Q. 2010. Local reconstruction for sampling in shift invariant spaces. Advances in Computational

Mathematics 32 (3): 335–352. https://doi.org/10.1007/s10444-008-9109-0.

29. Sun, W., and X. Zhou. 1999. Sampling theorem for multiwavelet spaces. Chinese Science Bulletin 44

(14): 1283–1286.

30. Sun, W., and X. Zhou. 2002. Average sampling in spline subspaces. Applied Mathematics Letters 15

(2): 233–237.

31. Xian, J., and S. Li. 2007. Sampling set conditions in weighted multiply generated shift-invariant

spaces and their applications. Applied and Computational Harmonic Analysis 23 (2): 171–180.

https://doi.org/10.1016/j.acha.2006.10.004.

32. Zhang, Q., B. Liu, and R. Li. 2017. Dynamical sampling in multiply generated shift invariant spaces.

Applicable Analysis 96 (5): 760–770. https://doi.org/10.1080/00036811.2016.1157586.

33. Zuhair, N.M., Q. Sun, and J. Xian. 2012. Convolution sampling and reconstruction of signals in a

reproducing kernel subspace. Proceedings of the American Mathematical Society 141 (6):

1995–2007.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps

and institutional affiliations.

123

Shift invariant spaces in L2ðR;CmÞ with m generators

Author's personal copy

https://doi.org/10.1016/j.apnum.2008.03.038
https://doi.org/10.1137/05063444X
https://doi.org/10.1137/05063444X
https://doi.org/10.1007/s10444-008-9109-0
https://doi.org/10.1016/j.acha.2006.10.004
https://doi.org/10.1080/00036811.2016.1157586

	Shift invariant spaces in {L^2({\mathbb {R}}\comma {\mathbb {C}}^m)} with m generators
	Abstract
	Introduction
	Definitions and background
	The main results
	Regular sampling in V(F)
	An illustration
	A sampling formula
	Perturbation of a stable set of sampling
	Acknowledgements
	References




